We show that the SL(2,R) duality symmetry of type IIB superstring theory can be formulated as the canonical transformation interchanging momenta and magnetic degrees of freedom associated to the abelian world-volume gauge field of the D-3-brane. D-strings are shown to be connected under the corresponding transformation in the world-sheet to the (m, n) family of string solutions of type IIB supergravity constructed by Schwarz. For the type IIA superstring the D-2-brane is mapped under the threedimensional world-volume electric-magnetic duality to the dimensional reduction of the membrane of M-theory.
Introduction
Recent results in the literature show certain equivalences between effective actions of p-branes of the same or different string (or M-) theories. For D-branes [1] a relation between the Dstring and the SL(2,Z) multiplet of string solutions of type IIB supergravity [2] has been proved [3, 4, 5] , as well as the self-duality of the D-3-brane under SL(2,Z) transformations of the space-time backgrounds [5, 6, 7] . In both cases the equivalence goes through under certain transformations in the world-sheet of the D-string or the four-dimensional worldvolume of the D-3-brane 2 . In [5] the general world-volume transformation of which the above are particular cases was identified and referred to as vector duality. This vector duality symmetry was interpreted as the world-volume transformation responsible for the strongweak coupling duality of type IIB [8, 9, 2, 10] , in analogy with the world-sheet mapping d → * d underlying T-duality transformations of the space-time background fields [11] .
For the type IIA superstring vector duality is also interesting. The p-branes of type IIA supergravity have an alternative interpretation in eleven dimensions which can be used to deduce its D = 10 Lorentz covariant world-volume action [12, 13, 14] . In the last of the previous references this was done for the D-membrane and for the D-4-brane (in this case up to quadratic order in the gauge field strength) using the fact that the former can be interpreted as the dimensional reduction of the eleven dimensional membrane [15] and the latter as the double dimensional reduction of the eleven dimensional 5-brane [16] . For the membrane in order to prove the complete equivalence between the dimensionally reduced theory and the DBI action a non-trivial transformation involving the abelian world-volume gauge field of the D-brane was shown to be required [3, 4] . Tseytlin pointed out that this transformation was just the vector duality symmetry in the three dimensional world-volume [5] . This observation is in agreement with the conjecture that M-theory compactified on a circle is the strong coupling limit of type IIA [13, 9] . This is the reason why a strongweak coupling duality transformation is needed to connect the type IIA D-2-brane with the membrane of M-theory.
In this letter we show that vector duality can be realized in the phase space of D-branes as the canonical transformation interchanging the momenta and the magnetic degrees of freedom associated to the abelian world-volume gauge field, i.e. the same transformation responsible for the SL(2,Z) symmetry of electromagnetism 3 . In d dimensions this transformation maps r-forms onto (d − r − 2)-forms.
We start in section 2 considering the D-3-brane of type IIB. In the four-dimensional world-volume the dual of the abelian gauge field is also a 1-form, and we in fact show that under the four-dimensional world-volume canonical transformation a D-3-brane is obtained in SL(2,R)-transformed backgrounds. The SL(2,R) self-duality of the D-3-brane has been shown previously in [5, 6, 7] . This was an expected result [2] due to the non-existence of multiplets of 3-brane solutions in type IIB [18] nor bound states of D-3-branes [19] . For the D-string, considered in section 3, n D-strings are shown to be equivalent under the twodimensional canonical transformation to the (m, n) family of string solutions constructed by Schwarz in [2] , supporting the SL(2,Z) symmetry of type IIB. In this case the dual variables are scalars satisfying a quantization condition, being this the origin of the m appearing in the dual theory. The SL(2,Z) multiplet of string solutions, corresponding to bound states of elementary and D-strings [19] , are then shown to be connected by electric-magnetic worldsheet duality to D-strings.
In section 4 we consider the D-membrane of type IIA. The result of the canonical transformation is in this case an eleven dimensional action, where the eleventh coordinate has arised as the dual of the abelian gauge field in the three-dimensional world-volume. This eleven dimensional action is interpreted as the dimensional reduction of the membrane of M-theory [3, 4, 5] .
The eleven dimensional 5-brane gives upon double dimensional reduction the D-4-brane of type IIA [14, 20, 21] . As indicated in the last of these references the equivalence between the bosonic parts of the actions follows after a vector duality transformation is performed in the dimensionally reduced action. In our description this transformation is formulated as the five-dimensional world-volume canonical transformation interchanging momenta and magnetic variables. Details on this construction will be presented elsewhere.
Before considering DBI actions let us recall briefly how S-duality in Maxwell's theory is formulated as a canonical transformation [22] . We start by considering the electromagnetic Lagrangian with θ-term:
where
ǫ 0αβγ F βγ and we are taking a Minkowskian space-time. The canonical momenta are given by: 2) and the Hamiltonian:
The primary constraint Π 0 = 0 implies the secondary constraint ∂ α Π α = 0, therefore the term Π α ∂ α A 0 can be dropped out of the Hamiltonian but keeping in mind that we are working in the restricted phase space defined by the two constraints.
It is easy to see that the canonical transformation:
whereF = dÃ, i.e. the interchange between electric and magnetic degrees of freedom 4 , yields the S-dual Hamiltonian withτ = −1/τ and τ = θ/2π + 4πi/g 2 .
The generating functional is given by:
where D 4 is the four-dimensional manifold whose boundary is the three-dimensional spatial submanifold M 3 . In order to show the complete equivalence between the initial and dual Hamiltonians we have to prove that they are defined in the same restricted phase spaces. This is easily seen by noting that the Bianchi identity component ∂ α * F 0α = 0 of the initial theory implies in the dual ∂ αΠ α = 0, andΠ 0 = 0 comes directly from the generating functional above since it has noÃ 0 dependence. The secondary constraint ∂ α Π α = 0 of the original theory implies in the dual the Bianchi identity component ∂ α * F 0α = 0. This same idea can be straightforwardly generalized to abelian gauge theories of r-forms in d dimensions 5 :
The dual theory
is obtained as the result of the transformation:
with generating functional:
Now the restricted phase space is defined by: The generating functionals (1. 5) and (1. 9) are linear in the original and dual variables. Hence we can follow [24] and write a relation between the Hilbert spaces of the original and dual theories 7 :
Here ψ k and φ k are eigenfunctions of the respective Hamiltonians with the same eigenvalue, labelled by k, and N(k) is a normalization factor. From this relation it is possible to derive 5 Our conventions are:
In the particular case d = 2(r + 1), r odd, a θ-term can also be introduced in the Lagrangian. 6 Now and in the following sections we choose the normalization of the canonical transformation such that in the dualg = 1/g. 7 Although still renormalization effects need to be considered.
global properties in the dual theory. For instance it is easy to see that if the original theory satifies a Dirac quantization condition the same holds true for the dual theory. The equivalence between the original and the dual partition functions also holds trivially in phase space.
In the next sections we will show that starting with D-brane effective actions we can prove the dualities mentioned in the introduction as results of the same type of canonical transformations.
The D-3-brane of type IIB
The effective action of a D-p-brane in RR background fields contains the usual DBI part 8 [25] :
where the backgrounds are those induced in the D-brane from ten dimensions, F = B + F with F = dA and B the NS-NS two-form; plus a WZ term [26, 3, 4] :
where θ 0 denote the fermionic zero modes and C (r) (θ 0 ) =
are the induced rank r RR background fields. We will focus on the bosonic part of the actions, assuming that the fermionic part will be fixed by supersymmetry and fermionic kappa symmetry [27] .
The effective action of the D-3-brane in presence of RR background fields is then given by:
Introducing the dilaton inside the square root and working with the canonical metric g mn = e −φ/2 G mn we can write:
Restricting for simplicity to a Minkowskian canonical metric g mn = η mn and introducing electric and magnetic variables:
ǫ 0αβγ F βγ , where the letters E, B are used to recall their dependence on the NS-NS two-form, we can write:
where we have defined C α ≡ C 0α and D α ≡ * C 0α . The A m -conjugate momenta are given by:
and the Hamiltonian:
The same canonical transformation responsible for S-duality in electromagnetism 9 :
(in the four-dimensional world-volume the dual theory is also defined in terms of 1-forms A) can be shown to yield the effective action of a D-3-brane 10 in the SL(2,R) transformed backgrounds: 9) or, equivalently:λ
This transformation together with the invariance of the action under constant shifts of the RR scalar field generates the whole SL(2,R) invariance, which is broken to SL(2,Z) due to quantum effects. The same calculation for an arbitrary metric g mn yieldsg mn = g mn , as g mn is the canonical metric. Substituting in (2. 8) the expressions for the canonical momenta the non-local change of variables in configuration space responsible for SL(2,R) transformations is obtained. This change of variables is the one induced by the Fourier transformation of (2. 3) with respect to the field strength of the abelian world-volume gauge field [5] . Due to the complicated and non-linear expressions for the momenta this cannot be interpreted as a simple generalization of d → * d (or the interchange between electric and magnetic degrees of freedom). However in phase space the transformation is very simple being just the definition of S-duality in a four dimensional abelian gauge theory.
We have shown that the D-3-brane is self-dual under SL(2,R) transformations, with self-duality meaning that the dual is also a D-3-brane, although defined in the SL(2,R) 9 Now we have chosen different normalizations. 10 With the same remarks concerning the constraints. transformed backgrounds. In our formalism it is clear that the reason for this is the general A r ↔Ã d−r−2 electric-magnetic duality, that particularized to d = 4 and r = 1 yields also a dual 1-form, and it is consistent with the non-existence of multiplets of 3-brane solutions in type IIB supergravity [18] .
As was mentioned by Tseytlin [5] this transformation in the world-volume of the D-brane can be interpreted as the world-volume mapping responsible for SL(2,R) transformations of the space-time backgrounds, in analogy with the d → * d world-sheet mapping underlying the T-duality transformation R → 1/R in space-time. In our construction this symmetry is understood as the same type of canonical transformation responsible for S-duality in abelian gauge theories. Therefore SL(2,Z) can be viewed as a subgroup of the whole group of simplectic diffeomorphisms on the world-volume of the 3-brane. Also, we can implement this transformation in the path integral since both the action and the measure remain invariant in phase space. This generalizes previous results in the literature [5, 6] , where a saddle point approximation had to be made.
Finally let us mention that four-dimensional BI actions coupled to an SL(2,R) invariant four-dimensional bulk were considered in [17] in relation to the S-duality of the heterotic string in four dimensions [28] . In our case the D-3-brane is coupled to a ten dimensional SL(2,R) invariant bulk [29] and the S-duality under consideration is the one of the ten dimensional type IIB superstring.
(m, n) strings in type IIB
The same type of analysis above can be made for the D-string. In this case we find a correspondence with the (m, n) string solutions of type IIB supergravity constructed by Schwarz in [2] .
We just need to recall the results stated in the introduction about electric-magnetic duality in d dimensional abelian gauge theories of arbitrary r-forms. Our starting point is the action describing the bound state of n D-strings 11 :
In a two-dimensional world-volume there are only electric degrees of freedom. Redefining g mn = e −φ G mn and taking g mn = η mn for simplicity we can write:
The canonical momenta are given by:
11 Since n parallel D-p-branes are described by a U (1) n gauge theory in the (p + 1)-dimensional worldvolume [19] we effectively get a factor of n in front of the one D-string action. and the Hamiltonian:
The canonical transformation responsible for electric-magnetic duality is in this case:
Since we only have electric degrees of freedom the two transformations in (3. 5) cannot be independent. One checks easily that the first one is enough to obtain the dual theory and the second gives the corresponding equation of motion. The secondary constraint ∂ 1 Π 1 = 0, associated to Π 0 = 0, implies thatΛ must be a function of time, and moreover from (1. 10) (note that G 1 is linear in the original and dual variables) we obtain thatΛ must be an integer due to Dirac quantization condition in the original theory. SettingΛ = −m we find a dual action:
For arbitrary metric the result is:
i.e. the Nambu-Goto action of a fundamental string with tension T = e −2φ n 2 + (nC − m) 2 and charges (m, n) with respect to the NS-NS and RR 2-forms. The existence of this string multiplet is required by the SL(2,Z) symmetry of type IIB, since it is obtained from the elementary type IIB superstring (the (1,0) string in this notation):
after an SL(2,Z) transformation of parameters
This multiplet was first constructed by Schwarz in [2] as a set of solutions of type IIB supergravity. There the argument requiring that m, n were integers and relatively prime was Dirac quantization condition plus stability since if this was not the case a given (m, n) string would be at the threshold of decaying into p ( ) strings, with p the maximum common divisor of m and n. In [19] Witten showed that these string solutions correspond to bound states of m fundamental strings and n D-strings. From the world-volume point of view its existence can be proved starting from n D-strings, as shown here and, previously, in [3, 4, 5] . We have seen that the transformation that is required is the corresponding electric-magnetic duality in a two-dimensional world-volume, which we have formulated as a canonical transformation. The equivalence between the partition functions also holds straightforwardly in our formalism.
The D-membrane of type IIA
Since SL(2,R) is not a symmetry of type IIA supergravity we don't expect any relation between the D-membrane of type IIA and other objects in the same theory, under the three-dimensional world-volume transformation. Instead we expect some conexion with Mtheory (compactified on a circle) since it is conjectured to be the strong coupling limit of ten dimensional type IIA. As we mentioned in the introduction it is in fact known that the vector dual of the D-membrane is the dimensional reduction of the membrane of M-theory [3, 4, 5] . Here we show that this duality can also be formulated as a canonical transformation in the three-dimensional world-volume.
We start by considering the effective action of the D-membrane:
Redefining g mn = e −2φ/3 G mn and chosing g mn to be Minkowski for simplicity we can write in electric and magnetic variables (our conventions are:
3) and the Hamiltonian:
(4. 4) The canonical transformation:
with generating functional: 6) yields the following dual action (for arbitrary metric):
(4. 7) This is the Nambu-Goto action of the dimensionally reduced eleven dimensional supermembrane [15] , with:
In [14] the conexion between the D-membrane and the dimensionally reduced eleven dimensional supermembrane was pointed out, and further developed in [3, 4, 5] where it was shown that a given world-volume transformation on the D-membrane was required. Here we have seen that it is just the strong-weak coupling transformation (defined in phase space), needed to connect ten dimensional type IIA with M-theory.
Conclusions
To summarize, we have seen that certain S-dualities between D-branes and p-branes of some string (or M-) theories can be formulated as canonical transformations in the phase space defined by the abelian world-volume gauge field of the D-brane and its conjugate momentum 12 . This generalizes previous results in the literature [3, 4, 5, 6, 7] where a saddle point approximation is required in order to prove the equivalence with the corresponding dual theory. In our description the equivalence holds straightforwardly at a quantum mechanical level 13 . The canonical transformation description provides a unified picture in which duality symmetries in string theories can be formulated. The same kind of transformation responsible for S-duality in abelian gauge theories is responsible for S-duality in the world-volume of Dbranes. This transformation is just the interchange between momenta and magnetic degrees of freedom. For abelian gauge theories it reduces to electric-magnetic exchange whereas for the D-branes it is quite more complicated due to the non-trivial dependence of the DBI action on the electric degrees of freedom.
As mentioned in the introduction the D-4-brane of type IIA is equivalent to the double dimensional reduction of the eleven dimensional 5-brane after a vector duality transformation is performed in the five-dimensional world-volume. The dual theory is then defined in terms of a 2-form. The double dimensional "oxidation" of this theory could shed some light on the determination of the action of the eleven dimensional 5-brane [14, 20, 21, 30, 31] .
There are more results in the literature which would be interesting to formulate in the present description. In [30] it is shown that vector duality in the eleven dimensional membrane gives upon dimensional reduction T-duality in the ten dimensional type II superstring. Given that both symmetries have well-defined descriptions in terms of canonical transformations (see the second of [22] ) it could be interesting to show their explicit conexion.
Finally it could also be interesting to study the role of electric-magnetic duality transformations in the relation between the p-branes of type IIB and F theories [32] (see for instance [33] for some recent results).
